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ABSTRACT
We provide a physically-based explanation for the complex macroscopic behavior of
longitudinal and transverse dispersion in porous media as a function of Peclet number, Pe. A
Lagrangian pore-scale transport model incorporating flow and molecular diffusion is applied
in lattices of throats with square cross-section whose characteristics are representative of
Berea sandstone. The model accurately predicts NMR, laser fluorescence and breakthrough
data for the experimental dependence of the longitudinal dispersion coefficient, DL, on Pe.
We compute the probability, ψ(t)dt that a particle moves from one throat junction to a nearest
neighbor junction in the time interval t to t+dt and fit it to a simple analytical expression that
depends on the mean advective transit time, a late-time diffusive cut-off and a parameter β
characterizing the distribution of transit times between pores. Then, interpreting transport as a
continuous time random walk (CTRW), we show: (1) that the power-law dispersion regime is
controlled by the variation in average velocity between throats (the distribution of local Pe
rather than by diffusion from boundary layers within throats), giving DL ~ PeδL with δL = 3-β
≈1.2; (2) the cross-over to a linear regime for DL ~ PeδL for Pe > Pecrit 400 is due to a
transition from a diffusion-controlled late-time cut-off, to transport governed by advective
movement; and (3) that the transverse dispersion coefficient DT ~ Pe for all Pe >>1. We
provide a quantitative description of both asymptotic and pre-asymptotic dispersion using
CTRW with a physical interpretation of the parameters. Our demonstration that the powerlaw dependence of dispersion coefficient on Pe is due to the distribution of flow speeds in
individual pores contrasts with the traditional theories of Saffman (1959) and Koch and Brady
(1985).
1. INTRODUCTION

Solute transport in consolidated rocks is of central importance in the remediation of
contaminated groundwater, radioactive waste disposal and tracer studies in oil recovery. In
addition, solute mass transfer in beds of unconsolidated particles arises as an essential issue in
the design of many industrial devices used for adsorption, chromatography, ion exchange,
leaching and heterogeneous catalysis. Prediction of transport properties in both consolidated
and unconsolidated porous media is difficult due to the highly complex geometry of the
porous matrix. Solute must be transported throughout the porous medium for a time or length
sufficiently large to allow for a full sampling of the flow field heterogeneity before the
dispersion coefficient can reach an asymptotic value and the spreading becomes purely
Gaussian. If these conditions are not satisfied, solute undergoes spreading in a pre-asymptotic
regime for which the dispersion coefficient increases with time and the average distance
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traveled [Han et al., 1985; Koch and Brady, 1987; Gelhar et al., 1992; Sahimi, 1995;
Berkowitz et al., 2000].
Furthermore, the behavior of the asymptotic dispersion coefficient as a function of Peclet
number (Pe = uL/Dm, where u is the average flow speed, L is a characteristic length – the
inter-pore distance or grain diameter – and Dm is the molecular diffusion coefficient) is
surprisingly rich [Pfannkuch, 1963; Bear, 1988; Dullien, 1992; Sahimi, 1995; Kandhai et al.,
2002; Khrapitchev and Callaghan, 2003]. The longitudinal dispersion coefficient, DL, is
lower than Dm for Pe 1 due to restricted diffusion imposed by the solid phase. With both
diffusion and advection present (Pe > 1), there is a transition region to a power-law regime
[Sahimi, 1995] where DL ~ PeδL with δL 1.2 for experiments in beadpacks, sandpacks and
homogeneous sandstones [Pfannkuch, 1963; Sahimi, 1995; Bijeljic et al., 2004]. For Pe > 400
there is a cross-over to a purely advective, mechanical dispersion regime with DL ~ Pe
[Pfannkuch, 1963; Sahimi, 1995; Bijeljic et al., 2004]. For Pe>>1 Saffman [1959] and Koch
and Brady [1985] predicted that DL ~ PelnPe. The transverse dispersion coefficient, DT,
however, is lower than DL and typically scales approximately linearly with Pe [Fried and
Combarnous, 1971; Sahimi, 1995]. Despite numerous experimental and theoretical studies
there is lack of fundamental understanding of how pore structure controls dispersion. In
particular, there is no explanation of why an exponent δL = 1.2 is obtained for intermediate Pe
and why there is a transition to a linear regime at higher Pe.
Solute transport can be described as a continuous time random walk (CTRW) [Scher and Lax,
1973; Berkowitz and Scher, 1995; Dentz et al., 2004]. Conceptually we can view transport as
a series of steps as the solute moves between pores. Define ψ(t) as the probability that a
particle just arrived a pore will subsequently first reach a nearest neighbor pore after a time t.
Dentz et al. [2004] suggested an empirical form for ψ(t):

ψ (t ) = A(1 + t t1 )− (1+ β ) e−t t

(1)

2

where t1 is the mean advective transit time, t2 is a late-time cut-off and for t2>t>t1 we see
− (1+ β )

approximately power-law scaling with ψ (t ) ~ t
where β is a parameter characterizing the
porous medium heterogeneity. The constant A is fixed by normalizing the probability to 1.
Using Eq. (1) and CTRW analytical expressions for the movement of solute and the resultant
dispersion coefficients can be derived that accurately match results of both field and
laboratory-scale measurements using an appropriate value of β [Levy and Berkowitz, 2003;
Dentz et al., 2004]. We apply CTRW to transport at the pore scale and provide a physical
interpretation of t1, t2 and β [Bijeljic and Blunt, 2006]. In CTRW ψ(t) is the probability for a
jump occurring; in this work we give a physical interpretation for the distance across which
this jump occurs, namely between neighboring pores. This allows us to relate ψ(t) to the
macroscopic dispersion coefficient and to explain physically the dependence of DL on Pe.
2. NETWORK MODEL OF DISPERSION

The algorithm for describing transport of a non-reactive tracer in porous media is:
1. Represent the porous medium with a network of pores and throats; 2. Calculate the mean
velocity in each pore by invoking volume balance at each pore and solving the resultant series
of linear equations numerically; 3. Use an analytic solution to determine the velocity profile in
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each throat; 4. Inject particles into the network; 5. In each time step move particles in throats
by advection and then diffusion; 6. At the throat walls use no-slip boundary conditions for
advection and bounce-back boundary conditions for diffusion; 7. Impose rules for mixing at
junctions (pores); 8. From the spatial distribution of particles in the network obtain dispersion
coefficient at a given time.
We will briefly describe the most important features for understanding the model i.e. steps 1,
4, 7 and 8. For more detailed model description refer to Bijeljic et al. (2004).
Step 1 We represent the porous medium by mapping the pore-scale network obtained from
reconstructed Berea sandstone (Fig. 1) [Øren and Bakke, 2002] to a two-dimensional diamond
lattice of 60 by 60 pores consisting of 7320 throats of square cross-section. The mean throat
radius is ~10µm, the average throat length is ~100µm, while the length of the network Ln in
the flow direction and transverse to the flow direction is ~ 6mm. We use periodic boundary
conditions that allow us to follow particle trajectories in the networks much larger than the Ln
value above.

(a)

(b)

(c)

Fig. 1. Berea sandstone sample of size 3mm x 3mm x 3mm from Øren and Bakke, 2002 (a); A geologically
equivalent network (b) and the diamond lattice network (c).

Step 4 Particles are injected simultaneously across the network so that their distribution is
uniform in the direction transverse to the mean flow (when studying longitudinal dispersion)
or is uniform in the flow direction (for transverse dispersion).
Step 7 We use both advective-based routing and complete mixing as the two limiting fluid
mixing behaviors at pore junctions at large Pe and small Pe respectively. When a particle
enters a pore in advective step we assign the outgoing throat according to the flow rateweighted rule, that is the probability that the particle ends in a certain outgoing throat is
proportional to the flow rate in the individual outgoing throat. When a particle enters a pore
from a throat in diffusive step we assign the new throat according to an area-weighted rule,
that is the probability that the particle enters a new throat is proportional to the cross-sectional
area of the individual throat i (that can be the old throat, too).
Step 8 The longitudinal and transverse dispersion coefficients DL and DT are obtained by
calculating the variance of the distance traveled by the particles in time t:

DL =

.

1 dσ L2
2 dt

DT =

1 dσ T2
.
2 dt

(2)
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3. RESULTS AND DISCUSSION

In this section we first present the comparison of both longitudinal and transverse asymptotic
dispersion coefficients obtained from the pore scale network model with the experimental
results. Furthermore, we show how our assumed truncated power-law probability function ψ
of transit times between two neighboring pores (Eq. 1) accurately reproduces ψ(τ, Pe)
obtained directly from the network simulations. Last but not least, we find an excellent
agreement between the asymptotic longitudinal dispersion coefficients in the power-law
regime, i.e. β =1.8 (Eq. 1) from the CTRW and δL = 3-β =1.2 (Eq. 1) from the network model
and the experiments.

3.1 Longitudinal and transverse dispersion coefficient dependence on Pe
The model results for longitudinal dispersion (upper solid line) are plotted in Fig. 2 together
with: a) the experimental data on unconsolidated bead packs obtained from breakthrough
curves compiled by Pfannkuch (1963) ( ), (b) data on bead packs obtained by Magnetic
Resonance Imaging by Seymour and Callaghan (1997) ( ), Kandhai et al., (2002) ( ) and

Khrapitchev and Callaghan (2003) ( , (c) data on bead packs obtained by laser-induced
fluorescence method by Stöhr, 2003 ( ) and (d) sandstone data in the low Peclet number
limit (solid lines with bars [Dullien, 1992; Legatski and Katz, 1967; Gist et al., 1997; Frosch
et al., 2003]. The model results for transverse dispersion (lower solid line in Fig. 2) are
plotted together with: a) the experimental data on unconsolidated bead packs obtained from
breakthrough curves ( ) [Harleman, and Rumer, 1963], ( ) [Hassinger and von Rosenberg,
1968], (+) [Gunn and Pryce, 1969], and ( ) [Han et al., 1985], and (b) data on bead packs
obtained by Magnetic Resonance Imaging by Callaghan and coworkers (×) [Seymour and
Callaghan, 1997] and ( ,
Khrapitchev and Callaghan, 2003]. The data are plotted as
dispersion coefficient divided by the molecular diffusion coefficient (DL/Dm) and (DT/Dm)
versus Peclet number.
For longitudinal dispersion, in the absence of advection (low Pe), molecular diffusion is the
only mechanism for fluid mixing. This diffusion is restricted as the porous medium matrix
acts as a barrier to molecules, thus reducing the mean free path of molecules, which results in
the ratio DL/Dm being smaller than unity. We obtain DL/Dm =0.25 for Pe = 0, which is in the
range obtained by either conductivity or MRI measurements for sandstones, including Berea
sandstone [Dullien, 1992; Legatski and Katz, 1967; Gist et al., 1997; Frosch et al., 2003).
The first effects of advection on the dispersion are observed at Pe=0.1. At Pe=10 advection
starts to have a much more pronounced contribution on mixing but diffusion effects are still
present. The best fit of our results to DL ~ PeδL in the regime 10 < Pe < 400 is with a powerlaw coefficient δL = 1.2 which agrees with the experimental results compiled by Pfannkuch
(1963) and the experiments by Kandhai et al. (2002) and Stöhr (2003).
In the mechanical dispersion regime (Pe > 400) we obtain a linear dependence of longitudinal
dispersion coefficient with Peclet number. This is a purely advective-dominated dispersion
regime in which particles in the throats do not spend sufficiently long to allow them to move
significantly by molecular diffusion. The agreement with Pfannkuch's data and the MRI study
by Khrapitchev and Callaghan (2003) in this regime is very good.
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Fig. 2 Comparison of the network model results for longitudinal (upper solid line) and transverse (lower solid
line) dispersion coefficients with experimental data (filled symbols for longitudinal dispersion and open symbols
for transverse dispersion). The literature sources for the experimental data are given in the text. The sandstone
data are presented in the far left side of the figure by the solid lines with error bars.

The magnitude of transverse dispersion is much smaller than the longitudinal dispersion and
the power-law coefficient to fit DT ~ PeδT is δΤ = 0.94 < δL indicating a weaker transverse
dispersion dependence on Pe than longitudinal dispersion. This coefficient is in good
agreement with the large body of experimental data from Fig. 2 [Harleman and Rumer, 1963;
Gunn and Pryce, 1969 and Han et al., 1985], as well as data on bead packs obtained by
Magnetic Resonance Imaging [Seymour and Callaghan, 1997; Khrapitchev and Callaghan,
2003]. Note also that the magnitude of the transverse dispersion from the model is higher than
the experimental results by a factor of about two. This could be due to the fact that the model
does not take into account the spread of particles in the third dimension. This is an issue we
are currently investigating. Interestingly, our model shows that for transverse dispersion the
power law coefficient in the boundary layer regime slightly decreases after Pe > 400 (δΤ =
0.89), which marks the beginning of purely advective-dominated dispersion regime. This is a
feature that is not discriminated by the experiments.

3.2 Transit time probability, ψ(t), dependence on Pe
We use the network model to compute the transit time probability ψ(t) as a function of Pe and
match it using Eq. (1). We estimate t1 and t2 in Eq. (1) using physical principles. t1 is an
average advective transit time defined by L/u, where u is the mean flow speed in the throats
and L is the throat length. t2 is the late-time cut-off governed by the time necessary for a
particle to diffuse between pores, t2=L2/2Dm. In Fig. 2 we plot ψ(τ), where τ = t/t1 and t/t2 =
2τ/Pe, and compare with the match to Eq. (1) for a number of Pe. τ can be physically
interpreted as the average number of throat lengths traveled. Eq. (1) cannot reproduce the
early-time behavior that is affected by the minimum travel times, but does accurately predict

.
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ψ(τ,Pe), for τ >5 with only a single parameter β = 1.8. We see an approximate power-law
scaling regime over up to three orders of magnitude from τ 5 (t=5t1) to τ = Pe/2 (t = t2). The
late-time cut-off is due to transport through throats where the transit time is controlled by
diffusion. With increasing Pe the late-time cut-off occurs at larger τ which results in increased
dispersion. Note that ψ(τ) is fit to Eq. (1) over nine orders of magnitude.

Fig. 3 The probability, ψ, of traveling between two neighboring pores in a dimensionless time τ = t/t1, where t1 is
the mean travel time L/u, plotted for different values of Pe (points). Also shown (lines) are matches using Eq.
(1) with a single adjustable parameter β = 1.8. For Pe, τ >5 Eq. (1) accurately reproduces ψ(τ, Pe). To illustrate
the power-law scaling a dashed line of slope 1+β is indicated on the graph.

3.3 Analysis of dispersion coefficient
Dentz et al. [2004] used Eq. (1) to derive analytically the full development of a solute plume.
Here we use scaling laws to analyze the behavior as a function of Pe. In Dentz et al. [2004]
~
expressions for the dispersion coefficient are written in dimensionless form D . In
~
~
dimensional form D = uLD and hence D Dm = Pe D . Then for 2>β>1: DL/Dm ~ Pe τ2-β
while DT/Dm ~ Pe for t2/t1>τ>>1. Note that DL is a function of dimensionless time, τ, in the
pre-asymptotic regime. For τ >τmax=ct2/t1, where c is a Pe-independent prefactor greater than
1 whose value depends on the heterogeneity of the porous medium,, DL reaches its asymptotic
value, DL/Dm ~ Pe τmax2-β [Dentz et al., 2004]. c 20 in our simulations; the solute must
experience flow through several slow-flowing regions before the average behavior is
Gaussian. Hence for Pecrit > Pe >>1, we take τ max= ct2/t1=cPe/2 in the expressions above and
DL/Dm ~ Pe3-β (ignoring the Pe-independent prefactor). For Pe > Pecrit the dispersion
behavior becomes advection-controlled and in this regime τ max=cPecrit/2 and is approximately
independent of Pe. This gives DL/Dm ~ Pe. This is mechanical dispersion. DT/Dm ~ Pe for all
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Pe >>1. Note that this analysis fits the experimental observations and the network model
predictions, Figs. 2 and 3, using β = 1.8 and hence δL= 3-β = 1.2 [Bijeljic and Blunt, 2006].
4. CONCLUSIONS

Our network model can successfully predict asymptotic macroscopic dispersion coefficients
in porous media over a broad range of Peclet numbers, 0 < Pe < 10 5 . The model is able to
clearly distinguish all dispersion regimes (restricted diffusion, transition, boundary-layer and
mechanical dispersion regimes) for both longitudinal and transverse dispersion.
The behavior associated with the spreading of solute in a porous medium has a simple
physical explanation: the heterogeneity of the pore space leads to a variation in typical flow
speeds, leading, when advection dominates at the pore scale – Pe >>1 – to an approximately
power-law distribution of pore-to-pore travel times. The exponent β is related to the
heterogeneity of the medium – more heterogeneous media will have a lower value of β.
Dispersion is controlled by transport in throats with low velocities whose local Peclet
numbers are small and hence where movement is diffusion controlled for Pe < Pecrit. For Pe
> Pecrit, the effect of diffusion is confined to very few throats and dispersion is largely
mechanical with DL ~ Pe . Our demonstration that the power-law dependence of dispersion
coefficient on Pe is due to the distribution of flow speeds between throats contrasts with the
traditional theories of Saffman (1959) and Koch and Brady (1985) that emphasize diffusion
near the solid walls within pores or at pore junctions.
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