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ABSTRACT
Fluid flow in, and the thermal, electrical, and acoustic properties of, porous media are
determined by the geometry and topology of the pore system. The relationship between the
detailed physics governing such processes, and the pore geometry, is not completely
understood. The aim of this work is to develop an efficient and accurate method for
quantifying the pore geometry and topology of porous media. The objective is to extract
quantified pore descriptions from which we can build well-characterized network models for
simulating two- and three-phase fluid flow. 3D reservoir rock images, which have been
numerically reconstructed or taken from micro-tomography, have been investigated using our
pore analysis tools (PATs). Specifically, we investigate the relationship between the
coordination number and the Euler-Poincaré characteristic and propose a more efficient
algorithm to compute the Euler number. However, the central purpose of this paper is to
present detailed algorithms for pore extraction and quantification. Based on our quantification
and mapping of the pore size distribution and connectivity, we use this information as a direct
input to apply an invasion percolation simulator. The calculated pressure versus volume curve
reproduces the lab-measured curve very closely, suggesting that the reconstruction process
produces a reasonable representation of the medium.

1. INTRODUCTION
The pore structure of reservoir rocks is complex, but the geometry and topology of porous
rocks must be known if we wish to a priori predict physical rock properties. The pore
geometry ultimately affects many macroscopic phenomena associated with mechanical,
acoustic and fluid flow properties. The level of detail required to model a given characteristic
(e.g. permeability, acoustic impedance, etc.) may vary, but in all cases, the pore geometry
must be quantified, mapped and evaluated. Indeed, it is a concern of this area of research to
establish how simple a model can be made such that it can still capture the essence of the
particular process in question, especially for multi-phase flow properties such as relative
permeability.
Due to the complex morphology of naturally occurring pore systems, fluid flow must be
modeled at the pore scale using simplified network models. One commonly used approach is
to represent the pore bodies by spheres connected by bonds representing the pore throats. The
most difficult task in creating such a network is identifying and specifying the coordination
number and the size distributions for pore bodies and pore throats. Various approaches have
been proposed to derive the network structure from an analysis of three-dimensional (3D)
pore geometries (Mulder, 1996). This has also been done directly from 3-D digital images,
since 3D tomography has become available (Lindquist et al, 2000, Silin and Patzek, 2003).
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The aim of this work is to develop efficient and accurate algorithms for mapping the pore
geometry and topology of porous media both for directly scanned images (e.g. from micro CT
scans) and for simulated images, e.g. generated using pore architecture models, PAMs (Wu et
al 2006), or other approaches. In this paper, we additionally set out to: (i) develop an
approach to link quantifiable measures of porous media to an accurate mapping of the pore
morphology; (ii) develop a methodology for using detailed information on pore morphology
as an input to an invasion percolation simulator, and to compare its results with experimental
data; and (iii) investigate quantitative methods for the characterization of pore connectivity
and topology.

2. PORE GEOMETRY AND TOPOLOGY CHARACTERISATION
2.1

Introduction:
Pore geometry and topology quantification contains essentially four main procedures:
pore size identification; pore volume partitioning and extraction; residuals integration; and
identification of the emergent pore network. After the pores have been measured and labelled,
invasion percolation (mercury injection) can be simulated using the obtained pore size and
connectivity information. The principles of these processes and the corresponding algorithms
are explained in detail in this paper.
The original porous medium data is represented as a 3D binary image with size
SX × SY × SZ , and the value of a voxel is 0 (solid) or 1 (void). Due to the complex
microstructure and irregular void space shapes within porous media, an accurate definition of
a “pore” is difficult. Dullien (1992) presented the concept of “pore neck” based on the minima
in the mean radius of curvature (or hydraulic radius). Further work along similar lines to
determine pore space characteristics has been carried out by subsequent workers (Kwiecien
1990, Zhao et al 1993). Zhao et al (1994) pointed out that many pore necks will be missed
when using this approach, while other regions can be mislabeled as necks unless the search
for narrowing in the sections is performed in a sufficient number of orientations with respect
to the image data set. Callaghan (1991) pointed out that other methods associated with
particular geometrical models also had some serious limitations. In this work, we have
adapted a widely used sphere-fitting method and combined it with a non-overlapping
restriction. The general idea of this algorithm is to fit and extract each pore from the pore
space in descending order of aperture radius before handling any other smaller pores. The
processing steps can be summarized in the following chart.

Fit maximum
sphere for a
particular pore

Partition a volume
for the pore from
the pore space and
remove this pore
from the pore space

Find next pore
that can be fitted
with max. sphere,
until no more
pores are found

Merge residuals
with pores and
sort neighbour
pores

Our method to partition the pore space into sphere-equivalent components can overcome
most of the shortcomings discussed above. In addition, many pore-scale geometrical and
topological properties can be easily calculated based on this partitioning, such as pore size
distribution, coordination number and Euler characteristic etc. The details of our method are
discussed in the following sections.
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2.2

Construction of spheres and estimation of the radius of the largest sphere:
A pore should be a protuberant 26-connected component of certain 3D shape, which
implies that it should contain a certain number of voxels in its interior. The maximum
inscribed sphere suitable for the target pore element (Carmeliet 2004) must describe its
equivalent 3D size. To accomplish these fitting processes, template spheres are required, and
these are illustrated in Fig. 1.

(a)

(b)

(c)

(d)

(e)

(f)

FIGURE 1: The template discrete spheres. (a), (b) and (c): a sphere of radius 0 (single voxel),
1, 2 respectively; (d-f) corresponding to different size spheres
Then, the maximum inscribed sphere can be defined for pore space V in 3D ⊂ Z3 and a
sphere B(p,r) ⊂ V, with centre p and radius r. B(p,r) is regarded as a maximum sphere if there
exists no other sphere B(q,ŕ) (ŕ > r ) such that B(p,r) ⊂ B(q,ŕ) ⊂V. Where B(p,r) is defined as
B ( p , r ) = {q | dis E ( p , q ) ≤ r , r = 1,2,L}
(1)
In our fitting algorithm, pores are extracted step by step from the corresponding 3D image
of the porous medium such that the larger pores are extracted before smaller ones. An
estimation of the radius of the largest inscribed sphere is important to reduce the computation
time. Based on the relationship between porosity and pore size (Mulder, 1996), the largest
possible pore radius can be estimated using the expression:
1

⎛ 3νφ ⎞ 3
Mr = ⎜
⎟
⎝ 4π ⎠

(2)

where M r is the upper-limit radius of a largest sphere, φ is the porosity and ν the volume
of the image. The real largest pore size will be much less than that calculated from Eq. (2).
Therefore, a much smaller radius, M sr = Mr/3, would be a reasonable value for the largest
radius. In our algorithm, the sphere of radius M sr is first used to fit to the pore space, then
successively smaller template spheres are tested.
2.3

Partition and extraction of pores:
Although the accurate definition of a “pore” is difficult, it usually consists of a 26/18connected component of voxels. Most previous approaches (Lin 1982; Thovert 1993; Spanne
1994; Baldwin 1996) rely solely on morphological operations (dilation or erosion), which
cannot fulfil all the requirements for detecting pore topological and geometrical properties.
Therefore, a new method is investigated which combines both geometrical transformations
and morphological operations. In our approach, we adopt the rule that a pore is equivalent in
size to a sphere of radius r. However, there is some insensitivity to the “solid boundary
noise”, i.e. the irregularity in the pore geometry due to the cubic voxel structure of the pore
space. Firstly, the pore must be large enough to contain an inscribed sphere with a particular
size (radius), and secondly, the irregularity of the pores should be preserved as in a natural
pore system.
A 26/18-connectivity porous component Xr is said to be a pore of size r if:
i) there exists a sphere B(p,r-1) of radius r-1 such that B(p,r-1) ⊂ Xr

.
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ii) the number of elements in the set of {p| p ∈ Xr , p ∈ B(p,r), p ∉ B(p,r-1)}# is larger
than Nmin(r) where Nmin(r) is defined as follow

N min (r ) = N min ( M sr )[

1.0− N min (1)
M sr −1

(r − 1) + N Min (1)]

(3)

That is, a pore of size r must completely contain a sphere of radius r-1 and should include
most of the elements of a sphere of radius r. Practically, Nmin(Msr) and Nmin(1) are set to be
0.95, 0.65 respectively for our sandstone sample. Thus, the number of voxels in a pore of size
r should be larger than the number of voxels in the current template sphere and the probability
value Nmin(r) associated with the current radius r.
After a pore has been identified through the process described above, we use the cubic
cutting method to remove it from the pore space to avoid overlapping with pores extracted
later in the procedure (Fig. 3). Next, pores are partitioned to a corresponding cubic volume of
edge length, r. Finally, the pore is combined with adjacent smaller pores under certain criteria
and merged with all adjacent remaining voxels without changing pore connectivity, as
explained below.

(a)

(b)

(c)

(d)

Fig.2: Pore extraction processes. (a) full fitting with sphere B(p,r-1), (b) 95% fitting sphere
B(p,r), (c) and (d) correspond to the subsequent cubic cutting and merging steps.
2.4

Merging smaller pores and remaining voxels into larger pores:
After all pores of size larger than zero have been extracted from the 3D pore space, two
issues require further processing, without altering topological and geometrical features, as
follows:
i) Within the pore space, there exist many remaining voxels that belong to none of the
pores (radius≥1) defined above as shown in Figs. 3a to 3d;
ii) Some dead end smaller pores connect with larger pores as shown in Fig. 3e.
Therefore, we need a post-processing procedure to merge smaller pores and remaining
voxels. We define criteria to partition the pore volume as explained below:
•
The sets of remaining voxels, such as in Figs. 3a – 3c. The Fig. 3d blue region, which
provide a connection between extracted pores, should be regarded as an individual
pore to guarantee the neck property;
•
The operation of merging pores and remaining voxels does not alter the topology of
the original pore system, i.e. no components, no tunnels or no cavities are added or
removed (as in Fig 3f red pores);
•
Smaller pores that have larger adjacent pores and have no effect on the flow should be
merged into the larger one, i.e. these pores are dead ends (Fig 3e red pore).
The algorithm to merge smaller pores and remaining voxels is as follows:
a) After identifying and extracting the pores from the pore space, each has a sequence
number – the initial pore identification number, see Fig. 4a.
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b) To cluster all remaining tiny pores (radius<1) with small numbers of voxels (< 4, as
shown in Figs. 3a-3c) into various groups according to their locations and connections
(Fig. 4b), referred to as the remaining components.
c) For each remaining component Pc, a further merging process is carried out. For Pc,
adjacent to the initial pores, a set of all voxels of Pc, are tested to determine how many
26-components (N(Pc,)) are in this set. Pc, is then merged into the largest adjacent
pores if N(Pc,) = 1 (see Fig. 3e), otherwise Pc, is regarded as a new individual pores.
The merged pores are called Pr.
d) For each Pr, there are 2 cases to determine whether this pore will be combined into the
largest adjacent pore: Firstly, there are less than 1/4 voxels in Pr connected with solid
matrix (Fig. 3e); Secondly, the number of 26-connected components in the set of
voxels in its adjacent pores is <2.

(a)

(b)

(c)

(d)

(e)

(f)

Fig. 3: Merging smaller pores and remaining voxels. (a), (b) and (c) are remaining voxels
with radius <1. (d) small pores contribute as pore throat (blue) should be left. (e) Smaller dead
end pore (red) which has only one neighbour (grey) of larger size. (f) Smaller pores (red)
next to larger pore can be combined as the larger pore

(a)
(b)
(c)
Fig. 4: Illustration of initial pores merging with clusters of remaining voxels (different
colours represent different sized pores). Left: initial pores labelled with different number;
Centre: Remaining components; right: final pores after merging processing.
2.5 Quantification of pore connectivity – Coordination number and Euler number:
Several features of multi-phase flow depend quite critically on the pore connectivity. There is
no unique quantification of this for all purposes, but the coordination number and Euler
number provide measures of the local and global connectivity, respectively. The calculation
methods for these quantities are explained briefly in this section.
Frequency
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Fig 5. Illustration of various sized pores (left, different colours represent different sized pores)
and pore size distribution curve (right, from 3D tomography and reconstructed sandstone)
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At this point, all the pores with different radii have been extracted, and the centre of each
pore has been allocated as has the centre of the corresponding interior sphere. The contact
area of every neighbouring pore has also been recorded, and it is then possible to count the
pore coordination number. 6-connectivity and 26-connectivity are commonly chosen for
processing 3D images of porous media. We chose 26-connectivity in our algorithm since it
considers complete connectivity. All pores in a 3D image of a porous medium can be
represented as different values, in which each voxel of a pore has the same sequence number,
and the coordinates of the centre of the inscribed sphere have been recorded. To find the
neighbours of a pore, each voxel of the pore will be tested for its surrounding voxels using 26connectivity. Thus, based on this data it can be determined for all neighbours of a pore if any
of these belong to different pores. The coordination number distributions of sandstone 3D
images from tomography and reconstruction are presented in Fig. 6a, which shows that most
pores have 3 neighbours. The contact area of the pore with each neighbouring pore can be
counted by deleting the voxel from the pore that has been detected as its neighbour, until
every voxel in the pore connected to the neighbour has been deleted.
In general, the Euler number is defined as N-C+H, where N is the number of isolated
porous objects, C is the number of tunnels, and H is the number of completely enclosed
cavities. In reservoir rocks, cavities are unlikely and H should be 0. Therefore, the smaller the
Euler number, the better the connectivity of porous media. There are numerous ways to
calculate or estimate Euler number (or characteristic). Vogel (1997) proposed an
approximation method. Kong et al. (1989) present a definition of Euler characteristic along
with a theoretical algorithm. Saha (1995) found an approach based on classifying the direct
neighbourhood, but it involved intensive computation. We propose a mew method to calculate
the Euler number based on the topological number and geodesic neighbourhoods of Bertrand
(Bertrand 1994). This method is fast and efficient and is discussed below.
Following Kong et al. (1989), a binary 3D image can be defined as P=(V, 26,6, B), where
V is a set of all cubic grid points, B is the set of all pore voxels in V, and V- B is the solid
voxels. Combined with Bertrand's topological number concept and derived from Kong's
algorithm, the Euler number χ(.) can be computed by the following.
χ(V, 26,6, B) = 0 if B = ∅
(4)
For any other point x ∈B,
χ(V, 26,6, B)= χ(V, 26,6, B-{x})+ T6 (x,V-B) - T26 (x,B)
(5)
where χ(V, 26,6, B) is the Euler number; χ(V, 26,6, B-{x}) is the Euler number excluding this
point x; T6 (x,V-B) is solid topological number of x; T26 (x,B) is pore topological number of x.
We now discuss the relationship between pore size and the global connectivity of the
porous medium. In considering the effect of pore size on the connectivity, the distribution of
pore connectivity against pore size can be defined as
Γ(r0) = χ{ p | p∈ Pr, r ≤ r0}
where Pr is all pores with radius r.
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Using our new algorithm, the pore connectivity distribution curve is plotted in Fig 6b
which shows the Euler number vs. pore size for a sandstone sample. Obviously for the small
pore sizes, the connectivity is high, as the pore size range on which χ is based comprises
almost all pores. However, there is a rapid increase in the specific Euler number between pore
sizes 50 - 60 µm, indicating that it is in this range (coming from the large ones downwards)
that the pore space starts to be come globally connected.

3. SIMULATION OF MERCURY INJECTION
The pore geometry and topology data are now available to allow the simulation of
mercury intrusion. Microstructural pore data can either be taken directly from 3D microtomography images, or it may be reconstructed using PAMs (Wu et al 2006). The thin section
image used in the PAM reconstruction and simulated cube are given in Figs. 7a and 7b. The
sample size is 200 × 200 × 200 voxels with a resolution of 4.5 micron per voxel. The LatticeBoltzmann (LB) calculated permeability of the reconstructed cube (2.2D) agrees well with the
experimental value (2.5D). The mercury injection capillary pressure (MICP) curve is
calculated using the usual invasion percolation algorithm; the calculated and experimental
curves in Fig 7c, are in good agreement.
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FIGURE 6. (a) The coordination number distribution curve, and (b) the connectivity function
(Euler number) curve from 3D tomography and reconstructed sandstones
Again, the MICP curve shows that percolation occurs at a “pore” size between 50 and 60
µm, corresponding to the rapid rise in the Euler number. Ambegokar et al (1971) used
percolation theory to show that the “percolation radius” was associated with the average flow
in the network. This radius is where, inserting bonds randomly in the network from the largest
down, the network flow “switches on” or starts to conduct globally. This quantity is derived
from MICP experiments and Katz and Thomson (1986; 1987) showed that an excellent
correlation between the mercury breakthrough radius and the absolute permeability of various
rock samples could be obtained. This early literature is applied to single and two-phase flow
in O’Carroll and Sorbie (1993).
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FIGURE 7. (a) The sandstone thin section image, (b) a reconstructed 3D cube from the thin
section image, (c) the calculated MICP curve from the invasion percolation simulator.

4. SUMMARY AND CONCLUSIONS
In this work, we describe the development of efficient and accurate algorithms for
quantifying the pore geometry and topology of porous media. We take as our starting point,
3D rock voxel images which are either generated experimentally by micro-tomography or by
a pore reconstruction methods (e.g. the PAM approach [4]). We then apply our pore analysis
tools (PATs) which are a suite of algorithms which allow us to extract quantified descriptions
from which we can build network models for simulating two- and three-phase fluid flow at
the pore scale. Indeed, the central purpose of this paper is to present and discuss these detailed
algorithms for the pore extraction and quantification. We find that the non-overlapping sphere
fitting method is a simple and efficient approach for quantifying the geometry and topology of
3D images of porous media. In particular, we investigate the relationship of coordination
number and Euler-Poincaré characteristic and propose an efficient algorithm to compute the
Euler number. The quantification and mapping of the pore size distribution and connectivity
enables us to calculate the MICP curve directly using invasion percolation. The calculated
MICP curve reproduces the laboratory measured curve very closely, suggesting that the
reconstruction process produces a reasonable representation of the medium. In addition, there
is a clear correspondence between the rise in Euler number (between 50 and 60 µm) and the
main intrusion plateau in the MICP curve where each relates to the percolation threshold, as
discussed above, implying that the specific Euler number is a useful topological parameter.
There is an alternative approach for extracting the pore network from the 3D image of the
pore space, known as the erosion or shrunk path method. This starts by extraction of the
medial axis (pore centre/skeleton), then goes on to the identification of nodes and bonds based
on its geometry and connectivity (junctions). This method will be discussed in a forthcoming
paper.
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